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a b s t r a c t
The present paper deals with the variational approach for solving a clamped rectangular
plate under a uniform load. The increasing use of composite materials for plate-type
structures intensified the need for solutions of rectangular plates. The variational approach
has a broad range of applications in solid mechanics. The methods used to solve the
problem consider the minimum total potential energy approach. The maximum deflection
is obtained for a square plate by the Ritz, Galerkin and Kantorovich methods. The aim of
this paper is to find an approximate solution of higher accuracy. Numerical results for
various components of stresses are found and plotted in the form of curves. The results
obtained by various methods are compared with those reported earlier. The results show
reasonable agreement with the known results, but with a simple and practical approach.
The physical aspect of the concept is the immediate use of these results in solid and
structural mechanics.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Variational methods applied to Solid Mechanics are extremely useful for formulating boundary value problems and
also for finding approximate and analytical solutions to these boundary value problems. The problem of the rectangular
plate is given by Dixon [1]. Inglis [2] found out the stresses for rectangular plates clamped at their edges and loaded with
a uniformly distributed pressure. Many variational methods used for solving the problems in the Theory of Elasticity are
given by Leibenzon [3]. A number of problems for rectangular plates supported by edges have been given by Galerkin [4]. He
applied his approximate method to a big number of plate’s analysis problems. Approximate methods of higher analysis are
given by Kantorovich and Krylov [5]. Application of the Extended Kantorovich Method is carried out by Jones and Milne [6].
Many exact solutions for isotropic linear elastic thin plates have been developed by Timoshenko [7]. A study of clamped
rectangular orthotropic plates subjected to a uniform lateral load has been carried out by Dalaei and Kerr [8]. An analysis
on the bending of rectangular plates with two opposite edges simply supported has been given by Hutchinson [9]. The
buckling problem of clamped rectangular plates of different aspect ratios is solved by the extended Kantorovich method by
El-Bayoumy [10]. Tang and Erdogan [11] analyzed a clamped rectangular plate containing a crack. A variational approach in
Solid Mechanics has been given by Dym [12]. The punch problem for initially stressed neo-Hookean solids is carried out by
Tiwari and Khan [13]. The problem of an isotropic rectangular plate with four clamped edges is given by Imrak [14]. Many
have calculated the deflections of rectangular plates with various supports using different methods such as Wojtaszak [15],
Taylor [16], Young [17] and Wu [18].
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The purpose of this variational approach is to work with the functional for finding approximate solutions to the
corresponding differential equation. To find the solution of the present problem initially, the Ritz method is used which
requires the total potential energy approach. This method may also be used for other functional such as the quadratic
functional. After that the Galerkin and Kantorovich methods are applied and the expressions for stresses are found out.
The numerical results are plotted graphically. Results obtained by these three methods are in reasonable agreement with
the known result.
2. Basic equations
The strain energy U of the plate for linear elastic behaviour is found by evaluating the following integral
U = 1
2

R
 h/2
−h/2
τijeij dz dx dy, (1)
where the convention of summation over repeated index is adopted. Using the relation between stress and strain, from
Eq. (1), we get
U = E
2(1− ν2)

R
 h/2
−h/2
{e2xx + 2νexxeyy + e2yy + 2(1− ν)e2xy}dz dx dy, (2)
where R denotes the region of the plate and h is the thickness of the plate.
If the loads P(x, y) are assumed to act on the midplane surface of the plate and w(x, y) is the vertical displacement
function of the midsurface, the potential energy for the external loads is given as follows:
V = −

R
P(x, y)w(x, y)dx dy. (3)
The components of strain of the midsurfaces expressed in terms of displacement field (us, vs, w) are given by
exx = ∂us
∂x
− z ∂
2w
∂x2
, (4)
eyy = ∂vs
∂y
− z ∂
2w
∂y2
, (5)
exy = 12

∂us
∂y
+ ∂vs
∂x

− z ∂
2w
∂x∂y
, (6)
where
us = u1(x1, x2, x3),
vs = u2(x1, x2, x3).
Referring to the stretching action of themidsurface, the stress components in terms ofw(x, y) can bewritten using Dym [12]
as follows
τxx = − Ez1− ν2

∂2w
∂x2
+ ν ∂
2w
∂y2

, (7)
τyy = − Ez1− ν2

∂2w
∂y2
+ ν ∂
2w
∂x2

, (8)
τxy = − Ez1+ ν

∂2w
∂x∂y

. (9)
With the assumption of plane stress, the shear stress τzx, τzy and the transverse normal stress τzzwill be zero. Using
Eqs. (2)–(5), the expression for the total potential energy function π is given as
π = D
2

R

(∇2w)2 + 2(1− ν)

∂2w
∂x∂y
2
−

∂2w
∂x2

∂2w
∂y2

dx dy−

R
P wdx dy, (10)
where D is a constant, called the bending rigidity and is given by
D = Eh
3
12(1− ν2) . (11)
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3. Formulation of the problem
Considering a rectangular plate with a, b as its length and breadth under the action of a standard uniform load P(x, y) at
its center, the boundary conditions are given by
w = ∂w
∂x
= 0 at x = 0 and a,
w = ∂w
∂y
= 0 at y = 0 and b.
 (12)
The expression

∂2w
∂x∂y
2 −  ∂2w
∂x2
 
∂2w
∂y2

in Eq. (10) is called the Gaussian Curvature and is zero for a clamped plate under
the boundary conditions (12). Thus Eq. (10) reduces to
π = D
2
 a
0
 b
0

(∇2w)2 − 2P
D
w

dx dy. (13)
Since the plate is under the action of a concentrated load at its center

x = a2 , y = b2

, we have from Eq. (13)
π = D
2
 a
0
 b
0

(∇2w)2 − 2P
D
w

dx dy at

x = a
2
, y = b
2

. (14)
4. Solution of the problem
4.1. Ritz method
For the solution of present problem via the Ritz method, the displacement functionw using Dym [12] is given by
w = kx2y2(a− x)2(b− y)2. (15)
This function is even in x and ycoordinates and satisfies the boundary conditions given by Eq. (12). With the help of Eq. (15),
extremizing Eq. (14) with respect to a, we get
k = P
4D
GH
(AB+ CD+ 2EF) , (16)
where
A =

36
5
b5 − 18ab4 + 16a2b3 − 6a3b2 + a4b

, (17)
B =

1
9
a9 − 1
2
ba8 + 6
7
a2b7 − 2
3
b3a6 + 1
5
b4a5

, (18)
C =

36
5
a5 − 18ba4 + 16b2a3 − 6b3a2 + b4a

, (19)
D =

1
9
b9 − 1
2
ab8 + 6
7
b2a7 − 2
3
a3b6 + 1
5
a4b5

, (20)
E =

6
7
b7 − 3ab6 + 19
5
a2b5 − 2a3b4 + 1
3
a4b3

, (21)
F =

6
7
a7 − 3ba6 + 19
5
b2a5 − 2b3a4 + 1
3
b4a3

, (22)
G =

1
5
a5 − 1
2
ba4 + 1
3
b2a3

, (23)
H =

1
5
b5 − 1
2
ab4 + 1
3
a2b3

. (24)
For a square plate (a = b), we get
k = (0.341104321) P
Db4
. (25)
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The maximum deflection occurs at the center of the plate x = y = b2 .
Therefore,
w = kb
8
256
,
where k is given by Eq. (25).
Thus,
w = 0.00133b
4P
D
. (26)
4.2. Galerkin method
Considering the same problem via the Galerkinmethod, the equation for the displacement function using Eq. (10) is given
by  a
0
 b
0

∇4w − P
D

fi dA = 0, i = 1, 2, 3, . . . . (27)
The boundary conditions are given by Eq. (12). By introducing the non-dimensional variablesρ = xa andη = yb , the boundary
conditions are
w = ∂w
∂ρ
= 0 on ρ = 0 and 1,
w = ∂w
∂η
= 0 on η = 0 and 1.
 (28)
Let us set forth the following functions
p1 = ρ2(1− ρ)2, (29)
p2 = ρ2(ρ − ρ2)2, (30)
q1 = η2(1− η)2, (31)
q2 = η2(η − η2)2. (32)
With the help of these functions, formulating a set of four coordinate functions fi, i = 1, 2, 3, 4 that satisfies the boundary
conditions (28) are
f1 = p1q1,
f2 = p1q2,
f3 = p2q1,
f4 = p2q2.
Noww is given by
w = a11f1 + a12f2 + a21f3 + a22f4, (33)
where a11, a12, a21, a22 are to be determined by the Galerkin method. Multiplying Eq. (27) throughout by b4 and using
Eq. (33), we get 1
0
 1
0

b2
a2
∂2
∂ρ2
+ ∂
2
∂η2
2
(a11f1 + a12f2 + a21f3 + a22f4)− b
4P
D

( f1)dρdη = 0, (34)
 1
0
 1
0

b2
a2
∂2
∂ρ2
+ ∂
2
∂η2
2
(a11f1 + a12f2 + a21f3 + a22f4)− b
4P
D

( f2)dρdη = 0, (35)
 1
0
 1
0

b2
a2
∂2
∂ρ2
+ ∂
2
∂η2
2
(a11f1 + a12f2 + a21f3 + a22f4)− b
4P
D

( f3)dρdη = 0, (36)
 1
0
 1
0

b2
a2
∂2
∂ρ2
+ ∂
2
∂η2
2
(a11f1 + a12f2 + a21f3 + a22f4)− b
4P
D

( f4)dρdη = 0. (37)
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Solving the above equations, we get a system of four simultaneous equations. Solving these equations, we geta11a12a21
a22
 = b4P
D
0.3186827660.0384598150.038459815
0.008281438
 . (38)
The approximate solution of the deflection functionw is given by
w = b
4P
D

a11

1− x
a
2 
1− y
b
2  x
a
2 y
b
2 + a12 1− xa2

y
b
− y
2
b2
2  x
a
2 y
b
2
+ b
4P
D

a21

x
a
− x
2
a2
2 
1− y
b
2  x
a
2 y
b
2 + a22  xa − x2a2
2 y
b
− y
2
b2
2  x
a
2 y
b
2
. (39)
For a square plate (a = b), the maximum deflection at the center (x = y = b2 ) is given by
w = 0.00132b
4P
D
. (40)
4.3. Kantorovich method
For the solution of the square plate by Kantorovich method, we define the coordinate function
f ( y) = y2(b− y)2, (41)
and w = c(x)f ( y), (42)
where c(x) is the unknown function which we expect even. The boundary conditions forw are
c(a) = 0,
c ′(a) = 0.

(43)
The deflection function using Eq. (10) is given by a
0
 b
0

∇4w − P
D

f ( y)dy

dx = 0. (44)
Eq. (44) will be satisfied if b
0

∇4w − P
D

f ( y)dy = 0. (45)
Using Eqs. (41) and (42), we have b
0

∇4c(x)y2(b− y)2 − P
D

f ( y)dy = 0. (46)
On solving it, we get
b4
∂4c(x)
∂x4
− 24b2 ∂
2c(x)
∂x2
+ 504c(x) = 21P
D
. (47)
The complete solution of Eq. (47) is given by the sum of complementary function and particular solution. Since c(x)will be
an even function then, we have A2 = A4 = 0. The solution of Eq. (47) is
c(x) = A1 cosh αxb cosh
βx
b
+ A3 sinh αxb sinh
βx
b
+ P
24D
. (48)
Using the boundary conditions (43), we get
A1 = δ1
δ0

P
24D

, A3 = δ2
δ0

P
24D

,
where
δ0 = β sinhαµ coshαµ+ α sinβµ cosβµ,
δ1 = −(α coshαµ sinβµ+ β sinhαµ cosβµ),
δ2 = α sinhαµ cosβµ− β sinβµ coshαµ.

(49)
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Fig. 1. Variation of the stress component τxx .
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Fig. 2. Variation of the stress component τyy .
Thus, the solution of Eq. (42) with the help of Eq. (48) is given by
w = P
24D

γ1
γ0
cosh
αx
b
cos
βx
b
+ γ2
γ0
sinh
αx
b
sin
βx
b
+ 1

y2(b− y)2. (50)
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Fig. 3. Variation of the stress component τxy .
For a square plate (a = b), the maximum deflection at the center (x = y = b2 ) is given by
w = P
24D

γ1
γ0
cosh
α
2
cos
β
2
+ γ2
γ0
sinh
α
2
sin
β
2
+ 1

a4
16
, (51)
or
w = 0.00139b
4P
D
. (52)
5. Analysis of stress components
The stress components for a square plate with the help of Eqs. (7)–(9) are given as
τxx = − cEZ1− ν2 [(12x
2 + 2a2 − 12ax)( y4 + y2a2 − 2y3a)+ v(12y2 + 2a2 − 12ay)(x4 + x2a2 − 2x3a)], (53)
τyy = − cEZ1− ν2

(12y2 + 2a2 − 12ay)(x4 + x2a2 − 2x3a)+ v(12x2 + 2a2 − 12ax)( y4 + y2a2 − 2y3a) , (54)
τxy = − cEZ1+ ν

(4x3 + 2a2x− 6ax2)(4y3 + 2a2y− 6ay2) . (55)
6. Results and discussion
The deflection for a square plate using Ritz, Galerkin and Kantorovich methods is given by the Eqs. (26), (40) and (52)
respectively. Results for the stress components are given in Figs. 1–4. From the nature of the graph, it is clear that for small
values of v, there is less variation in the components of stresses τxx, τyy and τxy. As the value of v reaches 1, a large variation
in stress is reported. If v tends to 1, the normal component of the stress tends to∞. A special graph is plotted for shear
stress for v = 1 in Fig. 4. The results obtained using Ritz, Galerkin and Kantorovich methods agree with the results given by
Timoshenko [7], Imrak [14] and Wojtaszak [15].
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Fig. 4. Variation of the stress component τxy for ν = 1.
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